Abstract. In this survey we give a concise introduction to a continuous version of Borel combinatorics based on [5] and [4] . Our approach has a certain algorithm-theoretic nature and we are giving special emphasis to the notion of almost finiteness introduced by Matui [16] as a continuous analogue of Borel hyperfiniteness.
Proposition 1 (Kechris-Solecki-Todorcevic, [12] ). Every Borel graph of vertex degree bound d can be properly colored by d + 1 colors. That is, there exists a partition of X into d + 1 Borel sets A 1 , A 2 , . . . , A d+1 such that if x ∈ A i and (x, y) ∈ E, then y / ∈ A i .
As a corollary one can immediately see, that if E is a Borel graph of vertex degree bound d, then there exists a Borel action α : Γ X such that E α = E. In fact, Γ can be chosen as the free product of One of the most important notions in the theory of Borel graphs is hyperfiniteness. A Borel graph is called hyperfinite if there exist Borel subgraphs E 1 ⊂ E 2 ⊂ . . . such that ∪ ∞ i=1 E i = E and all the components of the graphs E i are finite. It is conjectured that Borel graphs of free amenable actions are always hyperfinite.
Proposition 2 (Jackson-Kechris-Louveau [9] ). Let Γ be a finitely generated group of polynomial growth. Then for any Borel action of Γ on a standard Borel set, the associated Borel graph is hyperfinite.
The goal of this note is to introduce the Cantor version of Borel graph combinatorics and we will use the two propositions above to test our theory.
Definition 1.
A Cantor graph is a Borel graph E ⊂ C × C, such that E is a closed subset, where C = {0, 1}
N is the Cantor set.
Let us observe that the Cantor analogue of Proposition 1 does not hold. Consider a continuous action α : Γ C of a finitely generated group Γ with generating system Σ, such that for a certain x ∈ C and for some generator σ ∈ Σ, α(σ)(x) = x however, there exists a sequence {x n } ∞ n=1 → x such that α(σ)(x n ) = y n = x n . The simplest example for such systems is the standard Bernoulli action α : Γ {0, 1} Γ , where x ∈ {0, 1} Γ is constant as a {0, 1}-valued function on Γ. Then, in the Borel graph E α associated to the action α, x n is adjacent to y n for all n ≥ 1. Suppose that we have a clopen partition C = ∪ q i=1 A i and x ∈ A i . Then for large enough n, both x n and y n are in A i , hence the partition does not define a clopen proper coloring of the Borel graph E α .
In order to avoid the obstacle above, we introduce the notion of proper Cantor graphs. Note that if E is a Cantor graph and x, y ∈ C, then d E (x, y) = r if x and y are in the same component of E and their shortest path distance is r. Otherwise, let d E (x, y) = ∞. Also, if x ∈ C = {0, 1} N and t is a positive integer, then (x) t ∈ {0, 1}
[t] is the projection of x onto its first t coordinates.
Definition 2. The Cantor graph E is called proper if for any r > 1, there exists s r > 1 such that if d E (x, y) ≤ r then (x) sr = (y) sr .
We will prove that following Cantor analogue of Proposition 1. 
Consequently, any proper Cantor graph can be obtained as a graph of a continuous Cantor action of a finitely generated group. Recall [4] that a continuous action of a finitely group Γ, α : Γ C is called proper if all the stabilizer groups are stable. That is, if α(γ)(x) = x for some γ ∈ Γ then there exists some open set x ∈ U, such that α(γ)(y) = y provided that y ∈ U. Clearly, the associated Cantor graph of a proper action is proper. Of course, the simplest examples for proper actions are the free actions.
The question is, whether there are many interesting non-free proper actions (and hence proper Cantor graphs) as well. The notion of uniformly recurrent subroups, introduced by Glasner and Weiss [6] , provides a hopefully satisfactory "yes" answer for this question. If an action α is proper, then the stabilizer map Stab α : C → Sub(Γ) is a continuous map from the Cantor set to the compact space of all subgroups of Γ. This map is equivariant with respect to α and to the conjugacy action on Sub(Γ). The action is free if the image of Stab α contains only the trivial subgroup. In general, the image of Stab α for a proper action is a closed, invariant subspace of Sub(Γ). A uniformly recurrent subgroup Z ⊂ Sub(Γ) is a closed, minimal invariant subspace (that is, all orbits are dense). Answering a query of Glasner and Weiss [6] , it is proved in [4] that if Z is a uniformly recurrent subgroup in Sub(Γ) then there is a proper action α so that the image of Stab α is just Z. This means that there is huge zoo of proper minimal Cantor graphs with interesting properties. For an example, if β > 1 is a real number then there exists a proper minimal Cantor graph E such that all of the growth exponent of its orbit is β. Note that a Cantor graph is minimal if there exists no proper compact subset T ⊂ C such that T is the union of components.
Almost Finiteness.
Now we define the Cantor version of almost finiteness following Matui [16] and Suzuki [19] . Let α : Γ C be a continuous Cantor action as above, where Γ is a finitely generated group with a symmetric generating set Σ. A clopen tower (S, F ) of α consists of a clopen subset S ⊂ C and a finite subset F ⊂ Γ such that if s = t ∈ S, then α(F )(s) ∩ α(F )(t) = ∅. We call α(F )(s) a tile of the tower. Recall that if G is a graph of bounded vertex degrees and H ⊂ V (G) is a finite subset then the isoperimetric constant of H is defined as
where x ∈ ∂(H) if x ∈ H and there exists y ∈ V (G)\H such that y is adjacent to x. The isoperimetric constant of a tower (S, F ) is defined as
where G s is the component of s in the graph
Definition 3. The action α : Γ C is almost finite if for any ε > 0, α admits a full clopen ε-castle. A proper Cantor graph E is almost finite if there is an almost finite action α such that E α = E.
In order to state our main result on almost finiteness we need to recall the notion of D-doubling. Let G be a graph of bounded vertex degrees and D > 0 be an integer. We say that G is D-doubling if for any x ∈ V (G) and s ≥ 1, we have that
is the ball of radius s around the vertex x in the graph G. Note that the definition above can be applied to finite graphs, countable graphs and Cantor graphs as well. Although it is not true that all the graphs of polynomial growth are doubling, graphs of strict polynomial growth are always doubling. Recall that a graph G is of strict polynomial growth if there exists α ≥ 1,
holds for all x ∈ V (G) and r ≥ 1. Therefore, the following theorem can be viewed as a Cantor analogue of Proposition 2.
In the proof of Theorem 1 we use a "non-free" version of the idea of Downarowicz, Huczek and Zhang [2] , that does not seem to work in the original case of amenable groups, but works nicely when the graphs are doubling. Note that Theorem 1 implies that all the free actions of a finitely generated nilpotentby-finite group is almost finite.
It is an open question whether continuous actions of amenable groups are always almost finite. Nevertheless, modifying the construction of Section 10 in [4] we will prove the following result.
Theorem 2. There exist proper, minimal Cantor actions that are almost finite but not topologically amenable (see [17] for a survey on topological amenability).
One can define the almost finiteness of a countable graph G the following way.
Definition 4.
A countable graph G of bounded vertex degrees is called almost finite if for any ε > 0 there exists K ε > 0 and a partition of
The main result of [2] is that the Cayley graph of a finitely generated amenable group is always almost finite. We can prove that any doubling countable graph is almost finite.
Fractional Almost Finiteness.
The notion of fractional almost finiteness is motivated by the notion of fractional hyperfiniteness introduced by László Lovász [15] . Fractional almost finiteness will be crucial in the proof of Theorem 6 and of Theorem 7, but seems to be an interesting notion on its own.
Definition 5.
A graph G of bounded vertex degrees is called fractionally almost finite if for any ε > 0 and 0 < p < 1 there exists a K > 0, Q > 0 and partitions
That is, all the vertices are "mostly" inside the tile they are contained in, not on the boundary of the tile. Clearly, the Cayley graph of a non-amenable group cannot be almost finite, so the following result might be surprising. 
where P (G, B) is the set of vertices y ∈ V (G) such that the ball of radius k around y, B k (G, y) is rooted-isomorphic to B. Let {G n } ∞ n=1 ⊂ F G d be a sequence of finite graphs. We say that {G n } ∞ n=1 is convergent in the sense of Benjamini and Schramm if for any k ≥ 1 and
exists. Now let E ⊂ X × X be a Borel graph with an invariant measure µ (that is, µ is invariant under any group action that defines E). Then, for each k ≥ 1 and
is rooted-isomorphic to B if and only if x ∈ V B . We say that (E, µ) is a Benjamini-Schramm limit of the convergent sequence of finite graphs
. For every Benjamini-Schramm convergent graph sequence one can find a Benjamini-Schramm limit and it is not known whether there exists a convergent graph sequence for any pair (E, µ). Now we define the topological analogue of the Benjamini-Schramm convergence. Let Gr d denote the set of all (not necessarily connected) graphs of vertex degree bound d. For G ∈ Gr d denote by B(G) the set of rooted balls B for which there is an x ∈ V (G) and k ≥ 1 such that B k (G, x) is rooted isomorphic to B. Let G, H ∈ Gr d . We say that G and H is equivalent, if B(G) = B(H). We will denote by Gr d the set of equivalence classes of Gr d . We can define a metric on 
a realization of a countable graph G. If {G n } ∞ n=1 topologically converges to G, then we say that E G is a Cantor graph limit of {G n } ∞ n=1 . One can show that if G is the topological limit of a finite graph sequence {G n } ∞ n=1 , then it has a realization that admits an invariant measure. Nevertheless, we have the following proposition.
Proposition 4.
There exist graphs G such that none of the realizations of G admit invariant measure. Also, there exists G such that all of its realizations admit an invariant measure, but G is not the topological limit of finite graph sequences.
We can define the topological limit of Cantor labeled graph sequences as well, and these objects are crucial in the study of proper Cantor graphs. A Cantor labeled graph is a countable graph G ∈ Gr d equipped with a vertex labeling ϕ :
N . The set of Cantor labeled graphs is denoted by CGr d . For k ≥ 1 we denote by CU [k] -labeled ball B k (G, x, ϕ k ) is rooted-labeled isomorphic to B. We say that (G, ϕ) and (H, ψ) are equivalent if CB(G) = CB(H). The set of equivalence classes will be denoted by such that B is rooted-labeled isomorphic to a {0, 1}
[n+1] -labeled ball of exactly one of the two graphs.
Again, the metric space (CGr d , K) is compact. Now let E ∈ C × C be a Cantor graph of vertex degree bound d. If x ∈ C, then the component of x can be considered as a Cantor labeled graph, where the label of a vertex y is itself. We say that a Cantor graph is the labeled realization of a Cantor labeled graph (G, ϕ) if the {0, 1}
[k] -labeled balls in E are exactly the {0, 1}
[k] -labeled balls in (G, ϕ). Any proper Cantor graph is the Cantor labeled realization of some (G, ϕ) ∈ CGr d .
Almost finiteness vs. Hyperfiniteness.
First let us recall the notion of hyperfiniteness [3] . A class H ⊂ F G d of finite graphs is hyperfinite if for any ε > 0 there exists K > 0 such that for any G ∈ H one can delete ε|V (G)| edges from E(G) in such a way that in the resulting graph G ′ all the components have size less or equal than K. The classes of planar graphs or graphs of fixed polynomial growth are hyperfinite. It is not hard to see that if the class H is almost finite (that is the union of the elements as a countable graph is almost finite), then H is hyperfinite as well. On the other hand, the class of finite trees is hyperfinite but not almost finite. Note that Matui has the following result: [16] : If α : Γ C is almost finite, then for any α-invariant probability measure µ, the measured equivalence relation defined by α is hyperfinite (see [11] for the definition of measurable hyperfiniteness). On the other hand, it is not known whether almost finiteness of a Cantor action implies Borel hyperfiniteness or not. If {G n } ∞ n=1 is a a Benjamini-Schramm convergent sequence of graphs of vertex degree bound d, then all the Benjamini-Schramm limits of {G n } ∞ n=1 are measurably hyperfinite [18] , [3] if and only if the family {G n } ∞ n=1 is hyperfinite. It is not hard to see that if {G n } ∞ n=1 is a topologically convergent sequence tending to a countable graph G, then G has at least one almost finite proper Cantor graph realization. On the other hand, it is not known that the existence of such almost finite realization implies the almost finiteness of the sequence.
Local algorithms.
Local algorithms (or local distributed algorithms) are algorithms on graphs performed in parallel by simple machines that have access only small parts of the graphs. In order to illustrate the notion let us consider the proper vertex coloring problem. The input is a finite graph of vertex degree bound d. At each vertex x ∈ G there is a machine that color the vertex x by one of the elements of the set Q, |Q| = d + 1, by searching the k-neighbourhood of x, where k ≥ 1 does not depend on x. The goal is to color adjacent vertices by different colors. Formally speaking, there is a function (the oracle) θ : U k d → Q and the coloring ϕ : V (G) → Q is defined by the rule
for each vertex x ∈ V (G). Unfortunately, local algorithms can meet obstacles to perform such tasks like the one above due to the possible symmetries of the graph G. Say, we have a cycle C n of length n and we try to color it by three colors. Since for k ≥ 1, all the balls B k (C n , k) are isomorphic oracles can compute only constant-valued colorings. In order to break the symmetries, one can use coin tosses to obtain a uniformly random labeling λ : V (G) → {0, 1}. Then the machine at the vertex x check the labeled ball B k (G, x, λ) before making the decision. One can actually prove that for any ε > 0 there exists k ≥ 1 and θ : U k,{0,1} d → {1, 2, . . . , d + 1} such that for any finite graph G ∈ G d and for the resulting vertex coloring λ θ : V (G) → {1, 2, . . . , d + 1} the following statement holds: The probability of the event that the number of vertices x ∈ V (G) for which the color of x is different from the colors of its neighbours is larger than (1−ε)|V (G)| is greater than (1−ε) (note that U k,{0,1} d denotes the set of equivalence classes of rooted k-balls of vertices labeled by the set {0, 1}). That is, using randomized local algorithms one can properly color most of the vertices of a finite graph with very high probability. Clearly, we cannot expect that such randomized algorithm can produce a proper coloring of the whole graph with probability one. That is why, we need proper labeling. Definition 6. Let G ⊂ Gr d be a multiset of graphs (that is each graph G can be chosen more than once). Equip each G ∈ G with a Cantor labeling
N . We say that the family {λ G } G∈G : V (G) → {0, 1} N is a proper labeling if for any r ≥ 1, there exists s ≥ 1 such that if G ∈ G and x, y ∈ V (G), 0 < d G (x, y) ≤ r, then the rooted-labeled balls B s (G, x, (λ G ) s ) and B s (G, y, (λ G ) s ) are not rooted-labeled isomorphic. Now, we can formally define our preferred notion of local algorithm. Definition 7. Let G ⊂ Gr d be a multiset of countable graphs as above and {λ G } G∈G be a proper labeling. Let m > 0 and Q be a finite set. Also, let Θ : CU m d → Q. Then the Q-labeling algorithm associated to the oracle Θ is defined by the function λ
Note that it is not very hard to construct proper labelings. In [4] it was proved that there exists a proper labeling {λ G } G∈G such that λ G : V (G) → {0, 1} l for some l ≥ 1. So, one can break the symmetries using labelings by large enough finite sets. On the other hand, it is easy to construct a proper labeling
such that for any r ≥ 1, there exists s ≥ 1 so that for any G ∈ Gr d and
Note that if the proper graph E is a labeled realization of a Cantor labeled graph (G, λ), then G is properly labeled. On the other hand, if (G, λ) is properly labeled it is not necessarily true that a labeled realization of (G, λ) is a proper Cantor graph, this is due to the fact the for graphs the definition of proper labeling involves the geometric structure.
7. Local partitioning oracles and almost finiteness.
Hassidim, Kelner, Nguyen and Onak [8] constructed a randomized local graph partitioning algorithm that takes finite planar graphs (or any other hyperfinite family of graphs) of bounded vertex degrees as an input and cuts them into small pieces by removing only a small amount of edges. This construction can be used e.g. to approximate maximal independent sets in planar graphs with high probability in constant time. The topological analogue of the HassidimKelner-Nguyen-Onak algorithm is a local algorithm that performs the task of almost finite partitionings of finite or countable graphs. Let G ⊂ Gr d be a multiset of graphs as in the previous section, equipped with a proper labeling
Definition 8. Let ǫ > 0 be a real number and K ≥ 1, m ≥ 1 be integers and Q be a finite set. Then, an (ε, K)-local partitioning oracle is given by a function Θ : CU m d → Q satisfying the following conditions. • For the resulting labelings {λ denotes the isomorphism classes of rooted Q-labeled l-balls of vertex degree bound d. Now let G ∈ Gr d be a graph and ϕ : V (G) → Q be a labeling. We say that the verifier Ω accepts the labeled graph (G, ϕ) if for all x ∈ V (G), Ω(B l (G, x, ϕ)) = Y . Let H ⊂ Gr d be a class of finite graphs. We say that Ω : U l,Q d → {Y, N} is a local verifier for the ε-approximating maximal independent set problem in the class H, if for any G ∈ H and for any labeling ϕ G : V (G) → {0, 1} the verifier Ω accepts (G, ϕ G ) only if 0) is an independent set of G.
• |(ϕ
, where I(G) is the size of the largest independent set in G.
Notice that we have "only if" and not "if and only if". Now we can state the full topological version of the constant-time approximation result of [8] .
Theorem 5. Let D be an integer and let G ⊂ Gr d be a multiset of finite graphs equipped with a proper labeling {λ G : V (G) → {0, 1}
N } G∈G such that for any G ∈ G, G is a D-doubling graph. Then for any ε > 0, there exist integers m, l ≥ 1 and oracles
• Ω ε is a local verifier for the ε-approximating maximal independent set problem in the class of finite D-doubling graphs.
Spectral convergence.
For a graph G of bounded vertex degrees one can consider its graph Laplacian
) and its spectrum Spec(G) a compact subset of the non-negative real numbers. It is well-known that there exist isospectral pairs of finite graphs that is, non-isomorphic connected finite graphs G and H, such that |V (G)| = |V (H)| and Spec(G) = Spec(H) see e.g. [7] for lots of examples. For infinite graphs, much less is known besides that isospectral pairs do exist [20] . However, we will show that if two connected infinite graphs G and H are equivalent, then Spec(G) = Spec(H). This shows that one cannot "hear" the shape of an infinite graph, not even in an approximate sense.
Proposition 5. There exist uncountably many pairwise non-quasi isomorphic graphs that share the same spectrum.
If G is a finite graph then there is also a natural probability measure µ G on the spectrum of ∆ G , when µ G (λ) is the multiplicity of λ in the spectrum divided by |V (G)|. Let {G n } Note that the theorem above holds for the spectra of arbitrary local kernel operators (generalized Laplacians) as well. Results on Hausdorff convergence of the spectra of combinatorial operators on infinite graphs can also be found in [1] . Now let us consider the Cayley graph of a finitely generated non-amenable group Γ with respect to a symmetric generating system Σ. Let Γ ⊃ N 1 ⊃ N 2 , . . . be a nested sequence of finite index normal subgroups such that ∩ ∞ k=1 N k = {1}. Then the sequence of finite Cayley graphs {Cay(Γ/N k , Σ)} ∞ k=1 topologically converges to the Cayley graph Cay(Γ, Σ). Nevertheless, the spectra of the finite Cayley graphs contain the zero and the spectrum of Cay(Γ, Σ) is away from the zero. Hence, the spectra of the finite Cayley graphs do not converge to the spectrum of the Cayley graph of Γ in the Hausdorff topology. However, we have the following theorem.
Theorem 7. Let Γ be a finitely generated amenable group with symmetric generating system Σ and let Γ ⊃ N 1 ⊃ N 2 , . . . be a nested sequence of finite index normal subgroups such that ∩ ∞ k=1 N k = {1}. Then the spectra of the Cayley graphs {Cay(Γ/N k , Σ)} ∞ k=1 converge to the spectrum of Cay(Γ, Σ) in the Hausdorff topology.
9. C * -algebras.
For free continuous Cantor actions α : Γ C one can consider its reduced C * -algebras. Recently, Kerr [13] was able to prove that almost finiteness of a free, minimal action implies the so-called Z-stability of the associated reduced C * -algebras. By the result above, Theorem 1 implies that the free, minimal actions of finitely generated nilpotent-by-finite groups has Z-stable reduced C * -algebra. In [19] , Suzuki proved that the groupoid C * -algebras of minimal, almost finite,étale groupoids have stable rank one, that is, the invertible elements form a dense subset. In [4] , we associated certain C * -algebras to uniform recurrent subgroups and even arbitrary proper Cantor actions , using local kernel operators. Aaron Tikuisis pointed out to me that in the case of proper actions these are exactly the groupoid algebras and the corresponding groupoid isétale. Hence, combining Suzuki's result with the construction of various proper minimal actions in [4] one can find many non-free actions that result in simple C * -algebras of stable rank one.
